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NATIONAL AERONAUTICS AND SPACE
ADMINISTRATION NsG-692

THE MEASUREMENT OF LUNAR AND PLANETARY
INFRARED RADIATION :
Department of Physics
E. Brock Dale, Principal Investigator

During the six month period just past the_detector-photometer system
has been completely redesigned and rebuilt. The major changes include:
(1) improved mechanical stability in all components, (2) incorporation of
additional low-temperature baffles into the detector housing, (3) improved
electrical contact to the detector, (4) an increase in detector size so
that, by interchanging masks, we can gdapt the photometer to measurement
of total radiation from the planets, (5) incorporation of a 1 liter/sec
ion pump to evacuate the system continuously while it is in use.

The latter was found to be a necessity because of cyropumping and
resulting condensation on the 20°K cold finger and the detector. The
elimination of leaks from the system has been a serious problem because of
the small pump capacity. Consideration of weight precludes the use of a
larger pump. With the present system we are able to maintain a vacuum
of 10-5 torr. There are no leaks greater than ]0_]0 liter atmospheres/sec,
indicating that the gas load is primarily due to outgassing. Since this
will be eliminated at low temperature, we expect .no further difficulty.

Alterations yet to be made are: (1) incorporation of a tracking
camera that will photograph the object under surveillance projected onto
a reference reticle, (2) elimination of heat trangfer between the rotating
shutter and the shutter drive motor.

A study of conditions affecting the noise equivalent power (NEP) of



photoconductive detectors has been carried out. Some errors and omissions
have been found in the open literature. Our results will be published

in due course.



Semi-annual Report .
for

NASA Project N2G-692

"Mitochondrial Heat Production"

prepared by

R.K. Burkhard, Principal Investigator

September 22, 1966



Research Performed

The construction of a calorimeter suitable for the measurement of heat
produced by mitochondria has been started. The machining of a heat sink
is currentl& being done in the Department of Industrial Engineering. The
construction of glass reaction vessels to go into the heat sink is being
done in the Department of Physics. The construction of the thermopile
which will surround the reaction vessel and measure heat flow to the heat
sink is being constructed in our own laborator§. Experimentation with

mitochondria will need to await completion of the microcalorimeter.

Publications

G.L. Dohm, "“The Effect of Centrifugal Fields on Enzymatic Reactions",

M.S. thesis, 1966, Kansas State University.



Semi-Annual Report
NASA Grant NsG 692
March 1, 1966 - August 31, 1966
Analytical Studies in the Learning and Memory
of Skilled Performance

Merrill E, Noble, Richard E, Christ, and Stephen [, Handel

During the six month period ending August 31, 1966, data were
collected on an additional psychophysical study of the ability to
perceive the coincidence between forms presented to the peripheral
retina., Four forms, triangles, inverted triangles, V's, and inverted
V's were employed, since earlier data collected in connection with
this research grant suggested that triangles were perceived more
accurately than open triangles (V's}. These data, together with
other data and theories in the field of visual perception led to the
study just completed. Analyses of those data are now under
waye. :

Drs. Richard E. Christ and Stephen J. Handel, and Merrill E,
Noble acted as co-investigators during much of the past six months,
and will continue to do so in the new investigations now in progress,

Wl € Doth
Merrill E. Noble
Principal Investigator

bd
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Project: National Aeronautics and Space Administration NsG-692
Title: Optimization of Space Systems Design
Department: Industrial Engineering Department

Investigator: Dr. Frank A. Tillman, Head

The original invéstigator on this phase of the project, Dr. George F. Schrader, has
left Kansas State Universitv. Dr. Tillman took over and continued the work on the
same topic. The following are the principle areas investigated:
1. OPTIMUM SOLUTION OF A STOCHASTIC INVENTORY PROBLEM BY THE DISCRETE
MAXIMUM PRINCIPLE
This effort illustrates that the discrete maximum principle can be applied
to problems of probabilistic nature. A multistage inventor& model with uncertain
demands is solved for the optimum level of starting inventory which minimizes
the costs. The optimal sequence of inventory levels of the multistage inventory

model is found by using two recurrence equatioms.

2. OPTIMIZATION OF SYSTEMS RELIABILITY

The purpose of this effort is to obtain an optimum redundancy of the parallel
system by the discrete maximum principle. The objective funétion.is to maximize
the system profit. A siuple computational procedure has been obtained for the
optimum design of the multistage parallel systems by this method. Two numerical

examples have been worked out in detail.

3. THE APPLICATION OF THE DISCRETE MAXIMUM PRINCIPLE TO TRANSPORTATION PROEBLEMS
WITH LINEAR AND NON-LINEAR COST FUNCTIONS
Optimization of transportation problems with only one type of resource and

with the equal total supply and total demand is carried out by means of a discrete




version of the maximum principle. A general algorithm derived from the discrete
version of the maximum principle and formulation of the transportation problem

in terms of this algorithm are outlined. A simple problem involving a linear
cost function and with three depots is systematically analysed in order to

~ obtain a generalized computational procedure for solving the problem with more
than three depots. The use of this procedure is illustrated by solving a problem
with four depots. Problems involving non-linear cost functions and having two

and three depots are also considered.
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Experiments with Ultraviolet Light

Principal Investigator: C. E. Mandeville

Department of Physics 1 September 1966
Kansas State University
Manhattan, Kansas



I. INTRODUCTION

In the last annual report, a general discussion was given to describe
the nature of the effect under study. Both ultraviolet and visible light
are generated when the relative motion of mercury and glass occurs. In
the previous report some preliminary results were given, and the first form
of apparatus for photon detection was described. Briefly, it can be said
that a glass ball containing 1iduid mercury, mercury vapor, and helium gas,
is rotated at various values of rpm.

In a brief semi-annual report of date 24 March 1966, improvement of the
apparatus over thét of the previous year was discussed. Experiments have
continued with the use of photomultipliers as detectors rather than the
photosensitive Geiger counters with which the measurements were initially
commenced.

A1l following discussions and related figures concerns a giass ball
which contained a few grains of mercury and helium at pressure 0.6 mm Hg.
Measurements were performed at room temperature. The ball itself was made
of Corning 9741 glass which transmits not only the visible but the ultra-

violet as well. ' .

I1. NEW MEASUREMENTS
A. The "Time Effect”

In the course of earlier studies it had been noted that the light
yield from the rotating glass ball containing mercury had a tendency to
decrease during the time of protracted rotation; that is, during a long
period of continuous running, the intensity of emission decreased markedly.

Using an essentially solar blind RCA-C-70128 ultraviolet sensitive
photomultiplier tube as detector, the data of Fig. 1 were obtained. The

decrease in intensity of photon emission as the running time increases is

-2 -



clearly evident. At this point, it should also be mentioned that the use
of photomultiplier tubes as detectors also revealed the pulsed nature of
the emission. When viewed on an oscilloscope, the light emission appeared
to have a rise time of 2 microseconds. The decay time was artificially
lengthened by the time constant of the associated circuitry. From the
rise time, it can be estimated, of course, that the full width in time at
half maximum of the pulse is one microsecond.

The egp]anation for the decrease of yield with time of continuous
rotation has not been determined. A related curve obtained with use of a

photosensitive Geiger counter is shown in Fig. 2.

B. Pulse Height as a Function of Rotation Rate.

Figs. 3 through 8 demonstrate the behavior of the distribution of
pulse heights associated with emission obtained from the ball. It will be
noted that the average pulse height increases ‘to a certain point, ultimately
decreasing as the velocity of rotation is further increased. Explanatory
captions are given for each figure. The reason for decrease of gmission
of the light at the higher rotation rates is not known yet but is thought to
be related to the transit time of the electrons, the time for electrons to

move from mercury to glass.
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National Aeronautics and Space Administration NsG-692
Tracks of Heavy Ions in Emulsion, Physics Department,

Robert Katz, Principal Investigator

Status Report for the period March 1, 1966 to August 31, 1966

1) Measurements of the tracks of ions in emulsion by newly
developed photographic techniques continue.

2) An additional stack of G-5 emulsion was exposed at balloon
altitudes over Hudson's bay, courtesy Professor Peter Meyer,
University of Chicago.

3) A seminar was presented at the Donner Laboratory on 10 May,
and a paper was read at the III International Congress for
Radiation Research, Cortina, Italy, 27 June, on the theory
of Relative Biological Effectiveness for Heavy Ion Bombardment
of Dry Enzymes and Viruses. A paper enlarging on this material
has been submitted to Radiation Research. |

4) A note entitled Simulated Radioactivity has been accepted
by the American Journal of Physics.

5) A note entitled Magnetically Geared Microscope Stages has
been accepted by the Review of Scientific Instruments.

6) Degree requirements have been completed by

J.J. Butts, Ph. D. , E.J. Kobetich, M. S.
Harvey Goldberg, M.S.
Reprints of all publications‘will pe submitted when these become

available.

Kot

Robert Katz, Principal Investigator




National Aeronautics and Space Administration NsG-692
Department of Electrical Engineering
Principal Investigator - Dr. Charles A. Halijak

During the period from March 1, 1966 to August 31, 1966,
this work was completed with the assistance of Burns E. Hegler,
of the Electrical Engineering Faculty. |

Initially, a considerable amount of time was devoted in
determining the limits of the system and the theoretical effect
of different order Butterworth filters upon these limits. The
placement of the carrier frequency with respect to these limits
was firmed up.

Much of the latter part of this period was devoted to the
writing of a report of the findings. This report was published
in our department as Technical Report No. 5, entitled "Ideal
Single Sideband Modulation and Demodulation”. -

The report concluded that the model while was aeveioped
previously was feasible and that much more work remains to be

done in this field. A copy of the report is attached.



KANSAS STATE UNIVERSITY
MANHATTAN, KANSAS

Technical Report EE-TR-5

IDEAL SINGLE SIDEBAND MODULATION AND
’ DEMODULATION

BY

Charles A. Halijak

Burns E. Hegler

Department of Electrical Engineering

AUGUST, 1966

This work was partially
supported by NASA grant




INTRODUCTION

We shall consider single sideband (SSB) modulation as a con-
sequence of double sideband suppressed carrier (DSB) modulation.

(1]

An outline of the DSB Laplace Transform formalism will be pre-
sented and this is followed by a simple SSB theory. To be speci--
fic and to avoid excessive context, attention will be focussed on

a case of upper sideband (USB) modulation.

[2]

4

There exists but one text on SSB modulation. One can be-
come acquainted with extensive past wo;k by referring to this
text and to References (3), (4}, (5}.

The simple flaw in this past work is. due to unreasoning inde-
pendence from DSB modulation theory. The latter theory is a
necessary prerequisite to SSB modulation theory and liberates SSB
modulation from unnecessary abstractions such as the ahalytic

signal and Hilbert transforms [ll].

DSB MODULATION FORMALISM

The ordinary Laplace Transform domain invo;ves only addition
and convolution operations. DSB modulation requires a real time
multiplication operation. vHowever, multiplication is a bilinear
operation and this excessive generality_is not suited to descrip-
tion of modulation systems. Lineér operators can be obtained
by restricted multiplication--only two functions of time, cos at
sin Qt,>will be multipliers; @ is the carrier anguiér frequency.

Conventional Laplace Transform notation is unwieldy in this
enlarged domain. It will be more efficacious to employ the R. V.

Churchill notation



-]

(1) e Ste(t) at = F(s).
0

- Compactness of notation is achieved because parentheses for vari-
ables can”be dropped without ambiguity; i.e. f(tj = £ and f(s).= E.
Moreover, notation economy is attained by reserving upper case
letters for linear operators introduced by restricted multipli-
cations. |

Restricted multiplications in the Laplace Transform domain

induce the following formulas and linear operators:

b 1 = S=X =
(2) L [E(t) cos Qt] = 5= £()) —=5—— dA=CE ;
, J " (s=a) 240
R
(3) L I£(E) sin 9E] = iz 'f(x)(——‘;—z——z— arss -
s=1) <+
R

The region R contains all poles of f(A). Execution of these com-

plex convolutions yields

(4) Cf = Re f(s+jQ)

(5) Sf = Im f(s-jQ).
These are called direct and quadrature Laplace transforms of £(t)
respectively.

Besides distributivity of a linear. operator over addition of
signals, formulas for linear operations on transfer functions are

possible; they are

I
ki
Q

Ql

C(gCE) + s(gst)
(6a)

!
!

S (gcf) - c(gsH)

]
Hh
1]

o}



These formulas mean that, "If g is a transfer function then Cg
and Sg exist as transfer functions." Linear operations on con-

volutions, fg, are

(72) C(£g) = (CE)(Cg) - (SE) (S9)
S(£q) = (sf)(Cg) + (CE)(s9) .

S C

of equations are

‘cs (61, (7]
If E = k_ , then matrix ’ counterparts of these two sets

-1

-1 . -1—
E g,

(6b) E “{gEE) =

Hh

(70) E(fg) = (1) (Eg)
respectively and are convenient mnemonics.
Equation (7b) produces a result which will be useful in a

later section. If one observes that El = Eo, the identity

matrix, then
(8) E(L/E) = (D71,

The main result of this section is that DSB signals and DSB
transfer functions can be manipulated in the Laplace Transform

[1]

domain enlarged by adjoinment of restricted multiplication .
9 .

IDEAL USB MODULATION AND DEMODULATIOCON
The diagram in Fig. 1 is an ideal modulator and demodulator

if u+v = 1. Note that the special transfer matrix E and its

inverse, E l, are in cascade to form the identity matrix, Eo.
One carn readily replace these with direct connections and obtain
the outgut. (u+v)f.

The .+v = 1 condition is not enough to ensure existence of
pure USB terms on Channels i and 2! Only under special condi-

tions will pure USB terms exist on these channels.
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An ideal modulator and demodulator

An ideal USB modulator and demodulator

with channel signals Pf and QI



5
Consider the diagram of Fig. 2. Here, the input signal
has been restricted to cos mt; E has been premultiplied by the

m O -1 m 0} -1
matrix ; and E has been postmultiplied by .
0 1 0 1

'Channel signals are identified as Pf and Qf respectively. The

following two theorems can be stated.
Theorem 1. If f = s/(sz+m2), p=1/(14s), v = 8/ (1l+s)
in Fig. 2 and

—

Pf = C(muf) + S(VvE)
(9)
Qf = -s(muf) + Cc(vE) .

then the steady-state forms of Pf and Qf are USB signals.

Proof. Straightforward calculations employing the DSB formalism

yield
2 2
= _ Q°+s+s . Q+m - Q . s
(10) 2Pt = — 5 3 7" 3 7" 3 )
Q°+(1+s) s+ (Q+m) Q4+ (1+s) s“+ (Q+m)
(11) 20F = atsts? S + L . 2im .

92+(1+s)2 s2+(n+m)2 02+(1+s)2 sz+(9+m)2

Sine and cosine terms have angular frequencies Jn+m) and no
(8-m) angular frequencies are present.

It is apparent that the time constant of the filter (nor-
malized to 1) will determine damping of the transient term and
will effect the amplitude and phase angle of steady state terms.
These latter effects do not alter ideality of our SSB modulator
and demodulator.

Theorem 2. If T = m/(s%m?), ¥ = 1/(1+s), v = s/(1+s)
in Fig. 2 and

Pf = C(muf) + s{vf)

m

of z-s(muf) + C(37)



then the steady-state forms of Pf and Qf are upper sideband (USB)
signals.

Proof. Straightforward calculation yields'

(12) 2PF = m(l+s) +m + mQ ' s

02+(l+s)2 " sz+(a+m)2 ‘nz+(1+s)2 sz+(n+m)2

-mf Q+m 4+ _m(l+s) . s .

a2+(1+s)2  sf+am? 2%+ (4s)? sZr(awm)?

(13) 20f =

There will be no ahgular frequencies (n-m) present and the
theorem is established.

These two theorems establish invariance of these USB channel
signals to input signal phase shifts.

Since the ideal modulator/demodulator requires both m and 1/m,
it is necessary that m be neither very small nor very large.
This observation‘results in a simple corolléry.
Coroilarz. Input signal data angular ffequencies are necessarily
restricted to a passband determined by some small number m such
that O<m/Q<l. This passband is thé angular frequency interval
(m/Q, a/m). i

A procedure for determining m will be presented in a subse-

guent section.

DEVIAT];ON OF CHANNEL SIGNALS FROM IDEAL SSB
If m is fixed in the modulator/demodulator and the input
signal is cos nt and n differs from m, then it is impractical to
change constants m and 1/m and other means for reducing unwanted
lower sideband (LSB) contaminants need to be proposed.
We shall first remark that LSB contaminants exist in the P-

and Q- channels. Ensuing calculations require trigonometric




modulation

formula types in the following lemma.
Lemma: If A, B are positive real numbers and Tl = A sinécos¥Y +

B cosésin¥, then 2'1‘1 = (A-B)lsin(0~-¥)+(A+B)sin(6+¥). If A and B

are positive real numbers and T, = A cosbcosY - B sinésin¥, then

2T2 = (A-B)cos(6-¥)+(A+B)cos(6+¥). Note that sum amplitudes are

associated with sum angles and that difference amplitudes are
associated with difference anglesQ

Theorem 3. If the input signal is cos nt or sin nt and
constants m and 1/m are fixed in the ideal USB modulator of
Fig. 2 then the ratio of undesired LSB signal amplitude is
| (n=m)/ (n+m) | .

Since n is restricted not to approach zero, one can obtain

the proper inequality

" |n-m
(14) Iml <1l .

This result contrasts with Nyquist's.Vestigial—Sideband (VsSB)
(8l wherein a similar ratio is identical to one.
However, a sharp cut-off filter is used to lessen the unity
value of this ratio. Similar filters can be plééed in P- and
Q-channels of our ideal USB modulator for further reduction of

LSB/USB. Study of such modified modulator will be pursued in

the following sections.

USB MODULATOR WITH CHANNEL' FILTERS
A modified ideal USB modulator which tra;smits more than
one angular frequency is obtained by addition of high-pass
filters, h, to P- and Q-channels. These new channels signals

are hPf and hQf. The result is shown in Fig. 3.

.
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Two basic problems are placement of the filter cut-off
frequency relative to the carrier frequency and calculation
of the least upper bound of the previously defined m depend-
ent on the fact that practical filters have finite slopes
near cut-off frequencies. |

In order to present concepts without difficult calcula-
tions, filters, h, will belong to the class of Butterworth
filters. Ultimately, sharper cut-offﬁf?lters such as Cheby-
shev or mechanical fesonator filters shSﬁld be employed in -
actual physical systems. )

A Butterworth high pass filter of order k and cut-off
frequency, w,, POSsesses a spectrum of the form 14/1+(m°/w)2k,

The required ratio follows directly from the trigonometric

lemma and hPf and hQf formulas:

— 2k

'\/ 1+ w°} |
LSB _ |n-m S+ n-m
USB = n<+m Tn) 2K < n+m

\/l + OJ

R-nj |

wy Towg

A direct attack on this ratio requires that S n S aen é but

(15)

since wy > 0 and 0 < n < 2, this inequality is tautologous and
another aﬁbroach is required to resolve our two basic filter
problens. |

The spectrum of any Butterworth high-pass filter has the
shape of a sigmoid. This spectrum can be approximated by three
line segments: one line segment is of zero slope and” zero ampli-
tude; the next line segment has finite positive slope and extends

from zero to unity amplitudes; and the third line is of zero slope
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and unity amplitude. Intersections of the second line segments
with the first and third line segments define corner frequencies
Wor, and Wey for the lower and upper corner frequencies respec-
tively.

The second line segment will be placed at the inflection
point of the Butterworth spectrum and the second line segment's
slope will be the slope of the Butterworth spectrum et the in-
flection point.

A straightforward analysis of a Butterworth spectrum of
order k yields information about the second line segment's

placement and slope and also about corner frequencies:
1/2k
(a) inflection point occurs at Wy 2k+1 H

(b) the inflection point has amplitude

(16) Y(k-1)/3k < 0.577350 ;

(c) the lower corner frequency is given by

| ” 1+(1/2k)
(17) ' [k-i-l <1l

(d) the positive difference of corner frequencies is

; 1/2 -i 1/2k
(18) “cu T YcL T Y {:2k+1] [- ] [2)(-:-1 .

It should be noted that the last formula is the multipllcatlve

inverse of the slope at the inflection point.
In order to make LSB/USB nearly infimal, the carrier fre-

quency should be placed on the first line segment to the left

of Wor and m should be chosen large enough so that Q+m is on

the third line segmen£ to the right of Wopy* Since the slope
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at the inflection point is the largest slope, one can then state

that
(19) g.l.b.Q=mCL
(20) | l.u.b M=woy™9or, o

This polygonal approximation can be refined by adjoining more

line segments; this will result in lower w and higher w

CL cu “cL’
Thus does one verify these greatest lower bound (g.l.b.) and

least upper bound (l.u.b) assertions.

Table 1 shows values of w and (w for dif-

cn’ Y% cu™cr) /%o
ferent orders of Butterworth filters. It is evident that fil-
ter ordér should be 32 before desirable values close to one

and zero are achieved.

Table 1. Values of wCL/mo and (wCU-wCL)/wO for k-th
order Butterworth filters.
k ver/ Y (woy=wer) /9,
2 0.26749 0.98284
4 0.58112 0.58112
8 0.77910 0.30913
l6 0.88696 0.15866
32 0.94287 0.08028
64 0.97129 0.04037
oo 1.0 "0

The contaminant ratio, d, can be readily calculated.

How-

ever, the shape of the graph is more apparent when low order

Butterworth filters are employed.

k=2 results in the graph of Fig. 4.

An exemplary calculation for

Note that Q>n»m is more
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desirable than n<m. This observation suggests that the constant

m should be the lower (necessarily greater than l.u.b m) angular

frequency of input data band-pass angular frequencies.

DIRECT AND QUADRATURE NATURE OF CHANNEL SIGNALS
Calculations of Pf and Qf for f = s/(s2 + n°) in the ideal
USB modulator of Fig. 2 yield
2PT Sv Cv s s
(21) /

= 1~ (m/n) + _1t(m/n) .

= - — 2
\2Qf Cv =Sv sz+(§2-n)2 Q=-n s“+(Q+n) " \Q+n
Since the matrix in the above equation is almost its own inverse,

i. e.

/ s3 cy SV cv (e 2 + (5v)° 0

S

(22) =
\c? -Sv Cv -Sv 0 _ (€2 + (s1? )
one can conclude that insertion of the channel transfer function

matrix

—_— 1t — —_—
L 3 oy [-sa/v) c(1/9)
(23) - 5| — = _ _
{Cv) T+ (Sv) " \Cv -Sv C(1/v) 8(1/v)
will result in cosinusoids in the P-channel and sinusoids in the
Q-channel. Equation (23) is a rearranged form of Eguation (8;.
t is apparent that there is no further need for cross-couplings
of P- and Q-channels. The contaminant ;atio will be invariant.
Signals Pf and QFf are somewhat analogous to Cf and Sf respec-

tivély although the full apparatus of this analogy is not at all

required for ideal SSB modulation.

MODIFIED USB MODULATOR-DEMODULATOR'S TRANSFER FUNCTION

If the ideal USB device of Fig. 3 is considered and appli-
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cation made of formulas for existence of transfer functions

C§ and SE, then this device's transfer function, A, is found

to be

(24) X = (u+v)Ch + [mu-(v/m)] Sh

o

<l
[

Since u + 1, one obtains

(25) X =Ch+ [mp - (v/m)l] sh .
This transfer function is rather tedious to compute for
rbitrary order Butterworth filters and its study is defer-

red to some future time.

LSB MODULATION

An USE modulator has been chosen to exemplify SSB modu-
lators in previous sections. There exist corresponding LSB
modulators! For instance, if E is replaced by E—l and high-
pass channel filters are replaced by low-pass filters, then a
LSER modulator results. Of course, there exists a dual of our
lemma.

Perhaps the most common communication channel is the tele-
phone transmission line. The lowest quality telephone line
is an RC transmission line while a high quality telephone line
is the Pupin line--an RC line with series loading coils. 1In
any event, the telephone transmission line behaves like a
low-pass filter and LSB modulation is the pertinent modulation
scheme for the telephone line. These facts have been exploited
by Rixon Electronics, Inc. of Silver Spring, Maryland for
digital data transmissicn.

It is apprepriate to question relevance of Butterworth

filter simulation of telephone lines! The Butterworth filter
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can be considered a second order approximation of the loss-
less LC line and is a degraded form of the LC line because
it does not possess the linear phase angle property. Since
losses .can be regained by repeaters, one can simulate tele-
phone lines with symmetric, loss-less two-ports which are
left and right terminated iﬁ equal resistors. Such Butter-
worth filter synthesis has been accomplished by Bennettig]
in 1932.

However, the next theorem, due to Larry B. Hofman, is
reguirea for completeness.

Thecrem 4. Only Butterworth filters of order kn where
ko = 3, kn = kn-l + 4, n=1, 2, 3,..., realizable as sym=-
metric two-poris, have characteristic impedances whose spec-
tra are monotonic approximations to given constants (resis-
tances) in the pass band. (These are the preferable con-
stant-resistance networks.)

an immediate conseguence of Hofman's theorem is that
Butterworth filters or order 31, 35, 39, 43,...are admissible
channel filters. This follows from our observétion that a

filter of order 32 begins to produce acceptable values for

wer/ v and lugy=ucp) /e, -

CONCLUDING REMARKS
An example of an ideal upper sideﬁand modulator has been
presented and consequences were developed therefrom. Much
work remains to be done in order to uncover facts hiaden by
tedious calculations of the transfer function X.
It is noteworthy that double phasor concepts from DSB

modulation such as envelope spectrum, envelope phase angle
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and carrier phase angle

16

[10] are absent in the given SSB

model. Direct and quadrature Laplace transforms and single
phasors characterize this SSB modulator completely.

Single channel SSB modulators are often employed for
equipment economy. These modulators are necessarily de-
graded forms of ideal two channel modulators and their per-
formance specifications are hopelessly incomplete unless

an ideal modulator is used as a performance reference.
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DETERMINATION OF OPTIMUM NOZZLE CONTOURS FOR THE EXPANSION
OF DISSOCIATED GAS BY METHODS OF THE VARIATIONAL CALCULUS

Dr. James M. Bowyer, Jr., Mechanical Engineering Department
NASA NsG-692
Fourth Semi-annual Report

During the past half year, the thesis of Mr. Bong L. Koh entitled
"Supersonic Base Drag in the Presence of Base Burning" has been
successfully defended. Since part of the support for this research was
furnished by NsG-692 funds, a copy of this thesis was forwarded to
Dr. John T. Holloway of the Office of Grants and Research Contracts
NASA on August 4, 1966.

The abstract submitted to the XVIIth International Aeronautical
Congress earlier this year has resulted in an invitation to present the
results of the investigation reported by Richard R. Berns in his thesis
as extended by the projects' principal investigator. A copy of the
paper to be presented in Madrid on October 13, 1966 is enclosed.
Additional copies of this paper will be made available at the request
of the project monitor.

Mr. Norbert W. Deneke has joined the principal investigator in
the studies funded by this portion of Grant NsG-692. His efforts up to
this time have been directed towrad gaining an understanding of tasks
previously completed under this project. He is currently beginning an

intensive study of the kinetics of hydrogen-oxygen chemical reaction.



"Determination of Optimum Nozzle Contours
for the Expansion of Dissociated Gases
by Methods of the Variational Calculus"

RiIchard R. Berns* and James M. Bowyer, Jr. **
Kansas State University, Manhattan, Kansas

Abstract

Optimum nozzle contours have been obtained for the expansion of a
Lighthill idealized dissociating gas in one-dimensional flow. Both un-
catalyzed and catalyzed reactions have been considered. A characteristic
density and reaction rate were selected for this gas so as best to
represent the behavior of hydrogen over the temperature range considered
in the investigation. The nozzle contours are optimum in the sense that,
for given initial conditions and given reaction rate, propellant specific
impulse is a maximum for z nozzle of given length operating under balanced
pressure conditions at the nozzle exit, i.e., with nozzle exit static
pressure equal to the ambient atmospheric prassure. Because the variational
problem is of the Mayer type, one optimum nozzle contour can be considered
to be the solution for omne set of initial conditions and one reaction rate
but for many different nozzle lengths and corresponding exit pressures.
This is not entirely advantageous, because the nozzle is optimum in the

sense of providing maximum specific impulse in a given length nozzle only

when it is stipulated that the nozzle exit pressure is equal to the ambient
atmospheric pressure.

Using the same Lighthill idealized dissociating gas model for hydrogen
as was specified for the optimum nozzle calculations, further comparison

calculations have been made for nozzles whose supersonic sections are

* Presently Research Specialist, Aerospace Group, Space Division, The Boeing
Company, P. O. Box 3868, Seattle, Washington

*% Professor, Department of Mechanical Engineering, Associate Fellow AILAA

This work has been supported by NASA Multi-Disciplinary Grant No. NsG-692.
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hyperbolic and each of which has a length, exit area ratio, and ambient
..nospheric pressure equal to that of the optimum nozzle with which it is
compared .

A nuclear rocket utilizing a vortex-contained gas-phase reactor has
been assumed. Thus, a stagnation temperature of 9000° R and a stagration
pressure of 600 psia were employed in the study. The length required for
an optimum nozzle in the case of the expansion of uncatalyzed hydrogen to
an ambient pressure representative of earth crbital and escape trajectories
is prohibitive, e.g., 84 meters. However, in the case of the expansion of
hydrogen in the presence of a potent catalyst, the required length for an
optimum nozzle exhausting to the same ambient pressure is only 1.2 meters
and is thus of practical interest.

The latest results of this investigation indicate that a gain of only
a few tenths of one percent in balanced-pressure specific impulse can be
realized by utilizing an optimum nozzle contour instead of the best
hyperbolic contour of the same length.

On the other hand, if a potent catalyst for the hydrogen reassociation
reaction at high temperature can be found, great reductions in required
nozzle length (whether of optimum or hyperbolic contour) for a given
specific impulse can be achieved. The resultant weight-reduction which
could be realized in the nozzle of a rocket engine of the type investigated
here would then be very significant.

Introduction

Only the briefest review of the investigation on which this report is
based is possible here. For this reason, neither the definitions of symbols
nor the list of references is complete. The choice of symbols is believed

to be consistent with the literature cited and usual usage. The references



included are believed to be those most closely related to the investigation
reported here.
ne Medium

The behavior of any real gas at high tenperature is complex, and a

5]

precise description of its behavior is corrcssondingly difficult to obtain
et e s . . .111
and cumbersome to employ. By makingz several zstute approximations, Lighthill

obtained an analytic description for an 'ideszlized' dissociating diatomic gas
~and showed that this model provided a reasonably accurate approximation to
the real behavior of oxygen or nitrogen over a considerable range of
temperature at moderate pressures. Lighthill's assumptions and corresponding
analytic description are summarized in Fig. 1.

In the study presented here, the real techavior of hydrogen has been
approximated by a suitably mztched Lighthili-tvpe model. The suitabilitcy of
the model can be judged by the reader himself from a consideration of (1)
the data, (2) the requirement that (v - 5% o< )/(% T) equal 1.5, and (3) the
present authors' choice of F)d. This informztion is presented in Fig. 2.

Because the Lighthill-type model employed here is approximate, more
significance should be attributed to the trends than to the numerical values
of the various problem parameters in the results presented belocw.

The Flow

2 for the one-dimensional, non-viscous, adiabatic flow

Bray's equations
of an 'idealized' dissociating diatomic gas have been employed in the in-
vestigation reported here and are shown in Fig. 3.

The first equation is derived from the continuity equation with the aid
of the mass, momentum, and energy conservation equations and the equatioms

describing the state and specific enthalpy of the gas.

The second equation is the reaction rate equation for the gas. Thc



first term on the right side of the equation presented here is really
Bray's rate equation multiplied by the facror, 1 + (¢ ; this form is

3
B
consistent with Clarke's reaction rate equaticn” and comsiders atoms to
be fully as effective {rzther than only oné-rhzlf as effective) as molecules
in the collisions which result in dissociztion or reassociation., The second
term on the right side of the reaction rate equation has been derived by
& - . . .
R. R. Berns and accounts for the increase in the reaction rate of an
'idealized' dissociating gas induced by a small mass fraction of a potent
. . 5 . .
catalyst. Together with others, a paper by Girouard~ provided a basis for
Bzrns' derivation,
The third of Bray's equations specifies the area distribution in the

1

nczzle; thus, A is the control variable used by 3ray. Alternatively, the
specifiic enthalpy, i, can be ewployed as a cenctrol variable; in fact, this
is the only valid choice in that region of the nozzle where local speed is
approximately equal to the local frozen speed of sound and Q (i,0C ), the
coefficient of i' in the flow equation, is approximately zero. Note that
the space rate-of-change of the mass fraction dissociated, (', is defined
by the reaction rate equation; therefore, it cannot be employed as a control
variable and does constitute a reasonable parameter for extremization. In

-

this regard, a paper by Kelley is recommended.
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The Variational Problem

The variational problem which was initially posed was this:
Given an 'idealized' dissociating diatomic gas at
specified stagnation conditions, what nozzle contour
should be provided to a nozzle of ziven length so as
to obtain the highest possible specific impulse?

Given the gas, the catalyst if one is employed, and specified stagnation



conditions, the specific impulse is a function only of the conditions at
the end of the nozzle as can be seen Irom Fig. 4. For given initial

conditions and given ambient pressure, p ig clear that Igp will be

te 1if ISP has been maintzined

a maximum at any given distance down
at its maximum possible value at every peoint azlong the length of the nozzle.
The corresponding variatioral problem is calied a Mayer problem 4’6.

To maximize specific impulse at any point along the nozzle, subject to
the constraining flow and reaction rate equations, a Lagrange function of
the form shown in Fig. 5 is employed. Since the functiomns, f and g, are
differential functions, the zssocizted multipliers A\ and L& must be con-
sidered to be functions cf ‘27’ The three Euler equations obtairable from
5.

the Lagrange function are &iso shown in Fig

[

: £

On the surface, t

'y

N O

onstraint eguzzicns and the three Euler

2]

ecuations appear to comnstitute a set of five first-order ordinary differential
equations in the five unknowns, i, ¢/, A, A, and _«& . But whenever the
guantity to be extremized is a function only of the dependent variables,

that quantity disappears identically from the Euler equations; thus, the

Lagrange function could just as well have been chosen to be F = Af + x«3.

Now it is clear thaet A and L are not independent and that only their ratio

»
w

significant. Also, whenever the function to be extremized is a function

Fh

of the dependent variables only, a first irntegral exists. In the present
problem, the first intesgral yields/¢{= 1/ . Using this formula for /x%,
if the second and third of the Euler equations shown in Fig. 5 are solved
for A' and i', respectively, and if the latter results are then substituted
into the flow equation, a formula for A in terms of i, O, and A can be

obtained.

Because of the constraints imposed by the reaction and flow equatioms,



znalysis by the usual method shows that only one natural end condition

exists for the optinm or thrust:
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The static pressure of the gas as it legves the exit

pressure,

Thz Boundary Value Problenx

Py

he foregoing analysis is

)

The boundary value problem resulting Irom
surmarized in Fig., 6. The existence of a veriety of options and intracacies
associated with starting and continuing the actual numerical solution of

this boundary value problem is hidden behind this summary. In order to

Q

Stein an initial cenmdition for the flow in the nozzle, equilibrium flow

must te assumed frem stagnziion conditions to some initial section; then

these equilibrium condiczions nwust Se pariurtoed to ellow initisztion of

& finite reaction rate is
employed upstream of the nozzle throat, determination of the mass flux
density at the throat must be made (1) by trisi-and-error, or (2) the
results must be normzlized after the uncorrected solution is obtained so
as to make the dimensionless throat area eguzl to unity.

The required constants (three for uncatalyzed flow or five for catealyzed
flow), the three initial conditioms and corresgonding three governing dif-
ferential equations, and the algebraic equation defining the remaining
Lagrange multiplier are p?esented in Pig. 6. Wherever I or A has been
subscripted with i, CC, or A, the corresponding partial derivative is
indicated.

The flow conditions resulting from the expansion of idealized dissociating

hydrogen, in the absence or presence of a catalyst, through each of the

2
comparison hyperbolic nozzles were determined by the methods described by Bray”.
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Th2 Calculations

ae present generaticn of nuclear rockets con heat the hydregen propulsive
fiuid to no more than 53007 R, and dissocizcion is unimportant at this
temzerature. However, the ef

fect of disscciztlon on the hydrogen pro-

pziiagnt does become imporiant &t reactor coperziing temperatures approaching

th

1G6,000° F, and such temperziures arc cefiniceiy feasible in the case of the

vertex-contained gas-phase reaciors now being studied.
Calculations assuming uncatalyzed flow utilized a value of the dimen-
sionless rate constent, C. The formula for C in algebraic and numeric

form is as follows:

C =

2 -G 3,2
lesec) - (/%50 (1.90 g/em”) “(30.48 cm)

3 g/mole)? (1.47°10° cm/sec)

7~~~
td
(@]
(@]
o

Calculations assuming catalyzed flow required a value for the dimensionless
rate comstant, C., in addition to that for C. The formula for C. in

2lgazbraic and numeric form is as follows:

cn=4ﬁF£>Cﬁ>' ﬁiﬁﬁ%
N e/ \T n_"
c -

- P
=4 02,7000 cxd/(mole sec)] (L01) -(175.8)%-[1.90 ¢/em3]-(30.48 cm)
(28.0 g/moie) (1.47 - 10° cu/sec)

N

= .2014 (10%)
The ratio of catalyst activation energy to the dissociation energy for
hydrogen is also required for catalyzed flow. The value assigned to this

ratio in the present investigation is

E/D = 4.?_ kcal/mole P .403 (10-1)
104,178 kcal/mole
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The properties assigned to the catalyst and appearing in the determina

) . =

tion of C. and E/D above are the low-temperaiure properties of ethylene
as reported by Girouard.? Certainly ethylen: czmnot serve as a catalyst
Zoy the reassociation of hydrogen ztom:z uander the conditions considered
e cozalysts for this reaction
under high-temperature cenditions zppears to lave been made. The use of
these low temperaturz data thus represents only a hope that a catalyst
may be found which possesses a potency at high-temperature equal to that
of ethylene at low temperature.

The values of e cv¥* applying to uncatalyzed and catalyzed flow through

the nozzles are presented irn Figs. 7 and 8a, respectively.

The solutions

urth-order Runge-XKutze

obrained by numeri

10 . s oaios
~hod . A suitably programmed digital computer of moderate size was

WoT

employed in the actual calculations.
he Results
Fig. 7 shows the cptimum nozzle contcur obtained for the uncatalyzed

~

flow of the model zas. The contours of two comparison hyperbolic nozzles

zre 2150 included in this figure. Since results obtained for the uncatalyz
flows are s0 similar to the results obtained for the catalyzed flows except

for the dimensionless position downstream of the throat at which a particul
dimensionless areaz is achieved, further discussion of the uncatalyzed flows

will be deferred until the catalyzed flows have been considered in detail.

ad

el

T

Fig. 8 shows the optimum nozzle contour cbtairned for the catalyzed fliow

of the model gas. The contours of three comsarison hyperbolic nozzles are
aisc included in this figure. The flow conditions were calculated to a

dimensionless area of at least 100 and a dimensionless static prassure of
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no more than 10_8. A minimun earth-orbital cltitude of approximately one
hundred kilometers was assumed as reascngble Zor any vehicle powered by a

rocket engine of the type discussed here. AL C

'
i
7]
0

ltitude, the ambient

pressure is approximately 3{(10 ) Tors. or, Ia the dimensionless form used

he dimensionless lenzth at which the static

‘o

ressure in the compariscn
nozzie is ecual to the static pressure in the cptimum nozzle was determined
for each comparison nozzle. The very small ticks near the intersections

of the A vs. curves in Fig, 8a indicate the value of at which the
o

static pressure has a common value {this static pressure is also noted near

gas at a particular
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t any exit plane, this graph
can also be interpreted as a presentetion ¢f optimum specific impulse
versus &

When Fig. &b is considered in conjunction with Fig. 8a, it is apparent
that no distinguishable difference between balanced pressure specific
impulse of the optimum nozzle and a particular hyperbolic nozzle occurs
when the exit static pressure of the optimum nozzle, the exit static
pressure of the particular hyperbolic nozzlc, znd the ambient pressure are
identical. A close check of the numerical results indicates that the
specific impulse of the optimum nozzle is, &t best, only a few tenths of ecne

percent better than that of the comparison nozzle under these conditions.
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Certainly this slight advantage could be obiiterated by considerations of

aozzle weight end frictional: &
The curves CO and CH presant ssecific irnulse for optinmum and hyperbelic

~czzles extended beyond the balanced ressurs ~olnt and yet exhaustin
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7 the hyperbolic nozzle.

Th - ;i thera ig some hyperbolic rozzle whose

& further investigation of eguilibrium £1cw through the optimum nozzle

contour showed that the equilibrium specific impulse was virtually equai to
FoR RN

rhe optimum for finite chemical reaction rate.

Fig. 8c presents tne wass fraction dissccisted as a function of

cimansionless distence dowastream frem the ncozzle throat for (1) the two
lonzest comparison nozzles and ths optimun nozzle where the previously

specified, catalyzed, finite-rate chemical reaction 1s assumed, and (2)
the optimum nozzle contour where complete chemical equilibrium is assumed.
It should now be recalled that C =zs well as specific impulse and thrust
have been extremized by the variational meihods employed here. And in th
czse of CC, the optimum nozzle does provide a clearly lower value of (L

1

in the flowing gas at a given locationm, éf, than the best hyperbolic
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sis of uncatalyzed nozzle flow
ciffered stronely from that of catalyzed nozzile fliow only in the dimension-
o

icss length at which static press

2

re is ecual to ambient pressure., In

subient pressure of 10 8, both
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zhe uncatalyzed and cazelyzed nozzles allicw o dimensional balanced-

of 1628 seconds. 3ut the optimum nozzle for the

cmdansion of the uncz: wmeters

1..8 meters long.

From results obtained in the investigstion reported here, it is con-
cluded that very little increase in specific impulse can be obtained by
optimizing the nozz contour of a nuclear rcclket which employs a vortex-
contained gas-phase reactor to heat a saseous hydrogen propulsive medium.

By contrast, although no improvemant in specific impulse can be
achieved by this means, the utilization of a potent catalyst to promcta
recombination of the hydrogen atoms before the gas leaves the rocket

nozzle will allow a great reduction in nozzle length and weight for balanced-

pressure exhaust to the same ambieni pressure.
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